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On a Connection between the Switching SeparabiHty 
of a Graph and That of Its Subgraphs 
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Abstract 



A graph of order n > 4 is called switching separable if its modulo-2 sum with some 
I complete bipartite graph on the same set of vertices is divided into two mutually 

independent subgraphs, each having at least two vertices. We prove the following: if 
. removing any one or two vertices of a graph always results in a switching separable 

I subgraph, then the graph itself is switching separable. On the other hand, for 

(-^ ■ every odd order greater than 4, there is a graph that is not switching separable, 

. but removing any vertex always results in a switching separable subgraph. We 

show a connection with similar facts on the separability of Boolean functions and 
reducibility of n-ary quasigroups. 

Keywords: two-graph, reducibility, separability, graph switching, Seidel switch- 
^ i ing, graph connectivity, n-ary quasigroup 
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O '. 0. Introduction 

O ' In the paper, we consider only simple graphs (without loops and multiedges) and only 

induced subgraphs. Let U be some set of vertices of a graph G = (V, E). By a switching, or 
U-switching, of G one means the graph Gjj = (V, EAEuy\u), where Kuy\u = (V, Euy\ij) 
is the complete bipartite graph with parts U ,V \ U (for generality reasons, we allow one 
^ ■ of the parts to be empty). It is easy to check that the relation "G" is a switching of G" 

. is an equivalence. The set of switchings of some graph is called a switching class. It is 

known that there is a one-to-one correspondence between the switching classes and the 
so-called two-graphs [6]. 

We call a set W of vertices of a graph G = (V, E) isolabde if 2 < \W\ < \V\ — 2 and 
some switching of G does not contain edges connecting W with V \ W. We call a graph 
of order n switching separable if the vertex set includes an isolable subset. Below, we will 
omit the word "switching" before "separable." 

Remark 1. If a graph is separable, then all its switchings, as well as its edge complement, 
are separable too. All the graphs of order 4 are separable. 

The goal of the current paper is to study relations between the separability of a graph 
and the separability of its subgraphs. The research is motivated by connections of the 
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topic with the reducibihty of n-ary quasigroups and the separabihty of Boolean functions, 
which are discussed in Section 3. In Sections 1 and 2, we will prove the following two 
theorems: 

Theorem 1. Assume that all the subgraphs of orders n — 1 and n — 2 of a graph G of 
order n are separable; then the graph G is separable. 

Theorem 2. For every oddn > 5, there exists a non-separable graph of ordern such that 
all its subgraphs of order n — 1 are separable. 

The question about the even orders remains open, but an exhaustive search has shown 
that there are no similar examples of order 6 or 8. 

Conjecture. From every non-separable graph of even order one can obtain a non- 
separable subgraph by removing one vertex. 

The main result can be rephrased as follows: 

Corollary 1. From every non-separable graph, one can obtain a non-separable subgraph by 
removing one or two vertices, while removing one vertex is not sufficient in some cases. 

The results were partially reported at the IX International Workshop "Discrete Mathe- 
matics and Its Applications," Dedicated to the 75th Anniversary of Academician O. B. Lu- 
panov (Moscow, June 18-23, 2007). 

1. Proof of Theorem [1] 

Let X be the maximum order of a non-separable proper subgraph of G, and let K be the 
vertex set of such a subgraph. By the hypothesis, 3 < x < ^ — 3. 

We first consider the case x > 3. This inequality will be inexplicitly used when 
establishing a contradiction with the non-separability of K. For four vertices a, b, c, 
and d of G, denote by N{a, b; c, d) the number of edges of G among {a, c}, {a, d}, {b, c}, 
and {b, d}. 

Lemma 1. A set W of vertices of G is isolable if and only if for every distinct a, h from 
W and c, d from V \ W the number N{a, b; c, d) is even. 

Proof. Only if. Let W be an isolable set, and let a set U define a corresponding 
separating switching For every distinct a, b from W and c, d from V \ W, the graph G 
contains exactly the same edges from {a,c}, {a,d}, {b,c}, and {b,d} as the complete 
bipartite graph Kuy\u. It is easy to see that in a complete bipartite graph, the number 
of edges that connect two pairs of vertices is always even. 

//. Consider two nonadjacent vertices a from W and c from V \W (if there are no 
such vertices, then the l^-switching isolates W). Define the following four sets: 



We claim that b from Wi and d from Vj are adjacent if and only if i + j = 1. Indeed, 
if b = a or d = c, then the claim is straightforward from the definitions of Wi and Vj] 
otherwise, from the evenness of N{a,b;c,d). So, taking U = Wq U Vq, we get that the 



Wo = {beW\ {b, c} e E} 
Wi = {beW \ {b, c} ^ E} 



Vo 



{d eV\W \ {a,d} e E}, 
{deV\W \ {a,d} ^E}. 
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[/-switching has no edges between W and V \ W. The proof of Lemma [T] is complete. 
A 

Lemma 2. For every five distinct vertices a, b, c, d, and e of G the evenness of 
N{a,b] c,d) and N{a,b]c,e) implies the evenness of N{a,b]d,e). 

Proof. We have 



Consider a vertex v ^ K. By the definition of K the graph G\ku{v} is separable; i.e., v 
belongs to some isolable set of vertices of G\ku{v}- If this set has more than two vertices, 
then the graph G\k is also separable, which contradicts the definition of K. Hence, for 
every vertex v ^ K there is a vertex u = u{v) G K such that {v, u} is an isolable set 
in G\ku{v}- Moreover, u{v) is defined uniquely (if {v,u} and {v,u'} are isolable and 
u 7^ u', then from Lemmas [T] and |2] we get that {v, u, u'} is isolable, which contradicts the 
non-separability of G\k)- 

Proposition 1. For every two vertices v,v' ^ K such that u{v) ^ u{v'), the number 
N{v,u{v);v',u{v')) is even. 

Proof. As follows from theorem's hypothesis, the subgraph G\ku{v,v'} is separable. 
Let V belong to an isolable set M of vertices of this subgraph. Consider subcases. 

1. \M n K\ =0, i.e., M = {v,v'}. By Lemma [H for every different c,d G K \ 
{u{v)}, the number N{v,v';c,d) is even. The same is true for N{v,u{v);c,d), because 
{v,u{v)} is isolable in G\ku{v}- By Lemma [H N{v',u{v);c,d) is also even, which implies 
that {v,v',u{v)} is isolable in G\ku{v,v'} and {v',u{v)} is isolable in G\k\j{v'}- The last 
contradicts to the uniqueness of u{v'). 

2. \M r\ K\ = 1. If M = {v,u{v)}, then the claim of Proposition [1] follows from 
Lemma [U Otherwise we have a contradiction to the uniqueness of u{v) or u{v'). 

3. 2 < \M n K\ < X — '2; this contradicts the non- separability of G\k- 

4. \M r\K\ = X — 1. The only vertex from K\M is necessarily u{v'); then the claim 
of Proposition [1] follows from Lemma [1] A 

Consider some vertex w from K with nonempty preimage 

u~^{w). Denote W = u~^{w) U {w} and show that this set is isolable. By Lemma [H 
this is equivalent to the evenness of N{a, b; c, d) for all distinct vertices a, b from W and 
c, d from VT. By Lemma [2l it is sufficient to consider the case b = w = u{a). If c and d 
belong to K, then the required evenness follows from the definition of u{a)] if d = u{c), 
then, from Proposition [1] The other cases are derived from these two using Lemma |2j 
So, the separability of G in the case x > 3 is proved. 

Consider the case x = 3. Without loss of generality we may assume that G contains 
some isolated vertex o (otherwise, we can choose an arbitrary vertex as o and make it 
isolated by switching the set of vertices adjacent to a). 

Proposition 2. The graph G does not have a subgraph of type 



N{a, b; d, e) = N{a, b; c, d) + N{a, b; c, e 



)-2\{{a,c},{b,c}}nE 



A 



{{o,a,b,c, 



d},{W^b},{b,c},{c, d}}) . 
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Proof. The non-separability of such a subgraph contradicts theorem's hypothesis. 

▲ 

We call two different vertices twin if every other vertex is adjacent to none or both of 
them. 

Proposition 3. If v and w are twin vertices, then {v,w} is an isolahle set. 

Proof. Let U be the set of vertices adjacent to v and w. Then the [/-switching of G 
does not contain edges connecting v oi w with the other vertices. ▲ 

So, to establish the separability of G, it is sufficient to find twin vertices. Consider a 
maximal sequence of vertices u = {ui, U2, ■ ■ ■ , Ut) that satisfies the following: 

(*) the vertices Ui and Uj, I < i < j < t, are adjacent if and only if i is odd. 

If t = 1, then the graph is empty and there is nothing to prove. Suppose t > 1. Let 
us show that Ut-i and Ut are twin vertices. Seeking a contradiction, assume that this is 
not true. Then there is a vertex w adjacent to exactly one of Ut-i, Ut- From (*) we see 
that w is not in u. We will show that the sequence u is not maximal. 

We first consider the case of odd t. Without loss of generality assume that w is adjacent 
with Ut (otherwise we interchange Ut-i and Ut, preserving the property (*)). Note that 

• for every odd i less than t the vertices Ui and w are adjacent; otherwise the vertices 
o, Ui, Ut, and w generate a forbidden subgraph (Proposition |2]); 

• for every even i less than t — 1 the vertices Ui and w are not adjacent; otherwise the 
vertices o, Uj, w, Ut-2, and Ut-i generate a forbidden subgraph (Proposition [2]). 

So, the sequence {ui,U2, ■ ■ ■ ,Ut,w) satisfies (*), which contradicts the maximality of u 
among the sequences satisfying (*). The contradiction obtained proves that the vertices 
Ut-i and Ut are twin. 

The case of an even t has a similar proof. Theorem [1] is proved. 



2. Proof of Theorem z 



Let n > 5 be odd. Denote by the graph with the vertex set Vn = {vi}'^^^ and the 
edges {vi, f j+j}, j = 1, . . . , |_|J (here and below, the calculations with indexes are modulo 
n). 

Proposition 4. The graph Gn is not separable. 

Proof. Denote m = \_{n + 1)/4J and Ui = Vim- Since n = 4m ± 1, the numbers m 
and n are relatively prime; hence {ui}^~Q = Vn- Now consider an arbitrary subset A C Vn 
of cardinality at least 2 and at most n — 2 and check that it is not isolable (equivalently, 
Vn\A is not isolable). At least one of the following two cases takes place: 

1. For some i, either Ui,Ui+i G A, Mj+2,Mi+3 ^ A, or Ui,Ui+i ^ A, Ui+2,Ui+3 G A. 
Then A^(Mj, Wj+i, Ui+s) = 1 (Fig. 1), and, by Lemma [H the set A is not isolable. 

2. For some i, either Ui, Ui+2 £ A, Ui+i ^ A, or Ui, Ui+2 ^ A, Ui+i G A. Consider, 
for example, the second subcase. Note that every vertex uj different from Ui, Uj+i, Ui+2 
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is adjacent with exactly one of Ui, (see Fig. 1). Taking such Uj from A, we get that 
N{ui,Ui+2',Ui^i,Uj) equals 1 or 3 (depending on nmod4). Hence, by Lemma [H the set 
A is not isolable. 

Since every subset of vertices is not isolable, the graph is not separable by the defini- 
tion. ▲ 



Figure 1: Examples for the graph the cases n = 1 mod 4 and n = 3 mod 4 

Proposition 5. Removing any vertex in Gn results in a separable graph. 

Proof. By symmetry, we may assume that vq is removed. It is easy to see (Fig. 1) that 
all other vertices except Vm and V-m are divided into the vertices adjacent to Vm and the 
vertices adjacent to V-m- As follows, the set {vm,V-m} is isolable (for the corresponding 
[/-switching, U is defined as consisting of Vm and all the vertices adjacent to ^ 

So, Theorem [2] is proved. Note that, by Theorem [H G„ has a non-separable subgraph 
of order n — 2. It can be shown similarly to the proof of Proposition H] that removing the 
vertices Vi and f j+m gives such a subgraph. 

3. Graphs, boolean functions, quasigroups 

In this section, we briefly discuss a connection of the switching separability of graphs with 
similar properties for Boolean functions and n-ary quasigroups. Subgraphs of a graph cor- 
respond to so-called retracts of n-ary quasigroups and subfunctions of Boolean functions, 
which are obtained by fixing some arguments. In terms of retracts and subfunctions, for 
n-ary quasigroups and Boolean functions there hold theorems similar to Theorems [1] and [2] 
(the last is known for n-ary quasigroups only in the case when the order is divisible by 
4). Moreover, taking into account that, using quadratic polynomials, one can map the 
graphs into Boolean functions, and then to n-ary quasigroups of order 4, Theorem [1] is 
in fact a corollary of the corresponding theorem for quasigroups [2l |3], and Theorem [2l 
conversely, provides existence of similar examples for n-ary quasigroups of order 4 p. 
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3.1. Extended Boolean functions 



By an extended Boolean function we will mean a partial Boolean function which is defined 
on the binary n-tuples with even number of ones. Note that an extended Boolean function 
can be treated as usual Boolean function in n — 1 arguments. We call an extended Boolean 
function f in n arguments separable if it can be represented as the sum of two Boolean 
functions /' and /" in n — 2 or smaller numbers of arguments, the sets of arguments of 
/' and /" being disjoint (the bound n — 2 is rather natural: in this case, to describe 
the function, one have to define a smaller number of point values of two decomposition 
functions than when listing the point values of the function itself). By the degree of an 
extended Boolean function we mean the minimal degree of a polynomial (over the field 
GF(2)) that represents this function. By "quadratic" we mean "of degree at most two." 
By the graph of a quadratic polynomial we mean the graph on the set of arguments such 
that two vertices are adjacent if and only if the polynomial includes the product of the 
corresponding variables. 

Lemma 3. The set of graphs that correspond to the representations of an extended Boolean 
function by quadratic polynomials forms a switching class. 

Proof. Every (in particular, quadratic) extended Boolean function f inn arguments, 
being a Boolean function in the first n — 1 of its arguments, is uniquely represented as 

fi^Xi, . . . , 3^n— 1) 3^n) Pi^-^ly • • • 5 -^n— l); 

where p is a polynomial. 

Every polynomial r in n variables xi, . . . , Xn-i, Xn can uniquely be represented as 

q{Xi, Xn-l) + (Xi H h Xn-l + Xn)l{xi, . . . , Xn-l), 

where q and / are polynomials in moreover, if r is quadratic, then q is 

quadratic and / is linear. Since Xi + ■ ■ ■ + + x„ = over the domain of definition 
of extended Boolean functions, the polynomial q is the same for all polynomials that 
represent the same extended Boolean function. It is easy to verify that the addition of 
{xi + - ■ ■ + Xn-i + Xn)l{xi, . . . , Xn-l) with a linear / results in a switching of the correspond- 
ing graph, precisely, in the ^/-switching, where U is the set of variables that / essentially 
depends in. Now the claim of Lemma [3] is straightforward. A 

Lemma 4. A quadratic extended Boolean function is separable if and only if the graphs 
of the quadratic polynomials representing this function are separable. 

Proof. Straightforwardly, the separability of the graph yields the separability of the 
function represented by the polynomial with this graph. 

To prove the converse, taking into account the previous lemma, it is sufficient to prove 
that for a separable quadratic extended Boolean function /, the elements /' and /" of 
some of its decompositions are also quadratic. Let 

/(xi,...,x„) = /'(y) + m, 

where y and z are disjoint collections of variables from xi, . . . , Consider the represen- 
tation of f'{y) + f"{z), as a total Boolean function, in the form 

f'{y) + f"{z) = q{xi, X„_i) + (Xi H h X„)/(xi, . . . , Xn-l). 
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Since / is quadratic, q is quadratic too (see the proof of Lemma [3]). Divide the polynomial 
/ into the sum of two polynomials h + h, where li is linear and I2 consists of monomials 
of degree at least 2. We have 

n n 

X\ , . . . , Xn— 1) • 

i=l i=l 

We see that the last summand consists of monomials of degree at least 3 (indeed, if I2 
contains a monomial XjXj, then its product with Xi + Xj is zero, while the product with the 
other variables consists of monomials of degree 3). So, removing this summand is equiv- 
alent to removing the monomials of degree more than 2 in the polynomial representation 
of /' and /", which results in the identity 

n 

g'iy) + 9"{z) = q{xi, . . .,Xn-l) + ^Xih{Xi, . . .,Xn-l) 

i=l 

for some quadratic functions g' and g". Obviously, g'{y) + g"{z) also coincides with / on 
the domain of definition of an extended Boolean function. So, we get a quadratic repre- 
sentation of / that corresponds to a separable graph. By Lemma [3l all other quadratic 
representations also correspond to separable graphs. A 

3.2. n-Ary Quasigroups 

Let S be a nonempty set. An n-ary operation Q : S" — > S is called an n-ary quasigroup 
of order if in the equation xq = Q{xi, . . . , Xn) the values of any n variables uniquely 
determine the value of the remaining variable. (Strictly speaking, an n-ary quasigroup is 
the pair (E, Q), but we use a standard simplification of the terminology.) As follows from 
the definition, an n-ary quasigroup is invertible in every argument; in the case of a finite 
order this property can be taken definition. 

We will use the following predicate notation for an n-ary quasigroup: 

Q{Xq, Xi, . . . , Xn) ^ Xq = Q{Xi, . . . , Xn)- 

Often, the predicate notation occurs more convenient than the functional one because 
of the symmetry with respect to all n -|- 1 variables. If one fix the values of some 
m G {1, . . . ,n} arguments in the predicate Q{. . .), then the (n-|-l— m)-ary predicate ob- 
tained corresponds to an (n— m)-ary quasigroup, which is called a retract of Q. An n-ary 
quasigroup is called permutably reducible (below, simply reducible) if it can be represented 
as a repetition-free composition of two quasigroups of smaller arity, where the order of 
variables in the composition may differ from their original order. 

Remark 2. In the literature, by the reducibility (without "permutable" ) one often means 
that the quasigroup is decomposable into a composition with the same order of variables. 
In the Russian-language papers, including the original of this contribution, the permutably 
reducible quasigroups are also known as separable. 
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Let S = {[0, 0], [0, 1], [1,0], [1, 1]} be the set of binary pairs, and let A be some extended 
Boolean function in n + 1 arguments. The predicate 



corresponds to an n-ary quasigroup Q\ (addition is performed modulo 2); this construc- 
tion is a partial case of so-called wreath product of n-ary quasigroups, in our case, of 
trivial n-ary quasigroups of order 2. (The term "wreath product" for n-ary quasigroups 
does not agree with the known wreath product for groups; so one should care to avoid 
misunderstanding using this term.) 

Lemma 5 ([T]). The reducibility of the n-ary quasigroup Q\ is equivalent to the separa- 
bility of the extended Boolean function A. 

So, the separability of graphs is close related with the reducibility of n-ary quasigroups, 
at least within the framework of the following construction: starting from a graph of order 
n + 1, we construct a quadratic extended Boolean function A (the edges correspond to 
monomials of degree 2; the linear part is chosen arbitrarily); then, we construct the n-ary 
quasigroup Q\ of order 4; furthermore, we can construct an n-ary quasigroup of order 
4fc for every /c, including infinite, using the direct product with the n-ary quasigroup 
P(xi, . . . , Xn) = xi-k . . .-k Xn, where -k is a. commutative group operation. 

In this sequence, the separability (reducibility) of every element is equivalent to the 
separability (reducibility) of all other elements. Moreover, the separability of a subgraph 
is equivalent to the separability of the corresponding subfunctions of the extended Boolean 
function and the reducibility of the corresponding retracts of the n-ary quasigroup. This 
means that Theorem [1] is a corollary of Theorem [3] below, while Theorem H] follows from 
Theorem[2l In support of Sections [1] and |2] we note that the arguments there are essentially 
easer and more readable than the proofs for quasigroups. 

In conclusion, we quote the known theorems for n-ary quasigroups related to Theo- 
rems [T] and H] considered in the current paper. For an n-ary quasigroup Q, denote by x{Q) 
the maximum arity of its irreducible retract. 

Theorem 3. If x{Q) < n — 2, then the n-ary quasigroup Q is reducible. If xiQ) = n — 2 
and the order of Q is a prime integer, then Q is reducible. 

The case 2 < x{Q) < n — 2 was considered in |2]; the case x{Q) = 2 for order 4, in jl]; 
the general case with x{Q) = 2 and the case x{Q) = n — 2 for prime orders was proved 
in [5]. Theorem |3] is useful for inductive characterization of classes of n-ary quasigroups; 
for example, in the proof that every n-ary quasigroup of order 4 is semilinear (that is, 
equivalent to some Qx) or reducible [4], it used that a minimal counterexample must have 
an irreducible semilinear (n — l)-ary or (n — 2)-ary retract. 

Theorem 4. For every even n > 4 and every k > 1, there exists an irreducible n-ary 
quasigroup Q of order 4k such that x{Q) = n — 2 [Ij. For every n > 3 and k > 4, there 
exists an irreducible n-ary quasigroup of order k with x{Q) = n — 1 [3]. 

The following cases remain uninvestigated from the point of view of existence of irre- 
ducible n-ary quasigroups: 
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• xiQ) = n — 2, odd n (this case is connected with the conjecture formulated in the 
introduction), non-prime orders; 

• x{Q) = n — 2, arbitrary n > 4, non-prime orders that are not divisible by 4; 
There is an example of irreducible 4-ary quasigroup Q of order 6 with x{Q) = 2. 
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O CB5I3H CBHTHHHroBOH pas^ejiHMOCTH rpacj)a H ero 

no^rpa(J)OB* 

A- C. KPOTOBi t 



y^K: 519.173.1 

AHHOTaU,HH 

FpacJ) nopHflKa n > 4 nasbiBaeTCH CBHTHHHroBO paa^ejiHivibiM, ecjiH ero cyMMa 
no MOflyjiK) flfia c neKOTopbiM nojiHbiM /iByflojibHbiM rpacJ^OM na tom JKe MHOJKecTBe 
BepniHH pasfl^ejieaa. na flsa necBHsanHbix ueyKflj co6oh noflrpacjia na flfiyx hjih 6o- 
jiee BepniHHax. ^OKasaHO, hto ecjiH y^ajieHHeM oflHoli hjih flByx BepuiHH h3 flaHHoro 
rpa4)a mbi nojiynaeM tojibko CBHTHHHroBO pa3;];ejiHMbie noflrpacjjbi, to h caM rpacj) 
CBHTHHHroBO pasflejiHM. C flpyroH CTopoHbi, cyn^ecTByeT rpacj) jiK)6oro HeHeTHoro 
nopa/iKa, KOTopbili caM ne HBjiHeTCH CBHTHHHroBO pas^ejiHMbiM, a yflajienne Jiio- 
6oH BepniHHbi npHBOflHT K CBHTHHHroBO pasflejHiMOMy noflrpacjay. IloKasaHa cbhsb 
c aHajiorHHHbiMH 4)aKTaMH /\jisi pa3/],ejiHMocTH 6yjieBbix 4)yHKu,HH h n-apHbix KBa- 
anrpynn. 

0. BBe/],eHHe 

B flaHHoii pa6oTe paccMaxpHBaioTCH tojibko npocxtie rpacj^t-i (6e3 KpaxHtix ^yr h 6e3 
nexejib), h tojibko HHflyii,HpoBaHHt.ie no^rpacjibi. HycTt. U — neKOTopoe mho^kcctbo Bep- 
niHH rpa(|)a G = {V,E). CeumuumoM, hjih U-ceumuumoM, rpacjDa G HasBiBaexcii rpacja 
Gu = {V,E A Eify\u), rp<e Kuy\u = {V,Euy\u) ecxB hojihbih ^By^ojiBHBiii rp&dp c ^o- 
jisMH U, V\U (flJiH o6ii];hocth Gy^eM cHHTaxB, hto o^na hs flojiefl mojkct 6bitb nycTofi). 
JlerKO y6e;i,HTBCJi, hto oxHomeHHe «G' ecxB CBHXHHHr G» aBjiaexca SKBHBajienxHocxBio. 
Mhojkccxbo cbhxhhhxob o^Horo rpa(|)a nasBiBaexca ceumuumoeuM KAaccoM. Hsbccxho 

B3aHMH00flH03HaHH0e COOXBeXCXBHC MeJK^y CBHXHHHXOBBIMH KJiaCCaMH H XaK HaSBIBaeMBI- 

MH ^Ba-rpa(|)aMH |6]. 

Mhojkccxbo W BepniHH rpa4)a G = {V,E) naaoBeM omdeAUMUM, ecjiH 2 < < 
|\^| — 2 H HeKoxopBiii cbhxhhhf rpacjia ne co^epjKHX pe6ep coe^HHaiomHX W c V\W . Fpacl) 
Hopa^Ka n naaoBeM ceumuumoeo pasdeAUMUM, ecjiH cymecxByex ox^ejiHMoe MHoacecxBO 
BepniHH. JXajiee cjiobo "cbhxhhhtobo" 6y^eM onycKaxB. 

*Pe3yjibTaTbi paGoTbi HacTHHHO flOKjiaflbiBajincb na IX Me}KflyHapo;i,HOM ceMHHape «/lHCKpeTHaH Ma- 
TCMaTHKa H ee npHjiojKeHHH*, nocBHmeHHOM 75-jieTHK) co ffssi pojKfleHHH aKa/i,eMHKa O. B. JlynanoBa 
(MocKBa, 18-23 hiohh 2007 r.) 

^Aflpec aBTopa: HncTHTyT MaieMaTHKH hm. C. JI. Co6ojieBa CO PAH, npocncKT AKaflCMHKa KonTiora 
4, Hoboch6hpck, 630090, Pocchh (e-mail: krotov@math.nsc.ru) 



SaMenaHHe 1. Ecjih rpa(|) paa^ejiHM, to Bce ero cBHXHHHrH, a xaKace ero ^onojineHHe, 
pasflejiHMt.!. Bce rpacjibi nopa^Ka 4 paa^ejiKMbi. 

L^ejibK) HacToameH paGoxbi HBjiaeTca HsyneHHe BsaHMooTHomeHHii MejK^y paa^ejiH- 
MocTbio rpacjia h pa3;i,ejiHMocTbio ero no;];rpa(|)OB. MoTHBan;HeH Hccjie;];oBaHH3 aBjiaexcH 
CBSsb c pa3;],ejiHMOCTbio n-apHbix KBasnrpynn h GyjieBbix (|)yHKLi;HH, onncaHHaa b pas^^e- 
jie [3l B pasflejiax [1] h [2] mbi flpKayKeu cjie^yromne fl,Be xeopeMbi: 

TeopeMa 1. Ecjih Bce no/i,rpa4)bi nopa/jxa n — 1 h n — 2 rpacpa G = (V, E) nopsiflKa n 
pasflejiHMbi, TO G — pasflejiHMbili rpa^). 

TeopeMa 2. /I,Jia jiio6oro HeneTHoro n cyujecTByeT HepasflejinMbiH rpa^) nopa^Ka n, y 
KOToporo Bce no/jrpacpbi nopa^Ka n — 1 pasflejiiiMbi. 

Bonpoc c HeTHbiM nopa^KOM ocxaexca oTKpt.iTt.iM, o^^naxo nojiHtiM nepeGopoM j^jis 
nopsflKOB 6 H 8 TaKHx rpa(|)OB ne Hafl^^eno. 

FHnoTesa. Hs jiio6oro Hepas/jejiHMoro rpa(pa neTHoro nops^Ka y/jajieHneM ofl,HOH eep- 
uiHHbi MoyKHO nojiyHHTb Hepas^ejiHMbiH noflrpacp. 

OcHOBHofi pesyjiBTaT mojkho nepecJiopMyjinpoBaTb cjie;];yioin;HM o6pa30M: 

Cjie/i,CTBHe 1. Hs jiiodoro HepasflejiHMoro rpa^a y^ajieHneu o^hoh hjih ^syx BepuinH 
MoyKHO nojiyHHTb Hepas^ejiHMbiH no/jrpacp, nprnneM yfl^aneHHa oflHoli BepuiHHbi He Bcerji^a 

flOCTaXOHHO. 

1. ^OKasaxejibCTBO xeopeMbi [1] 

riycTB K — MaKCHMajiBHBiii nopa^oK Hepas^ejiHMoro co6cTBeHHoro noflrpa(|)a rpacjia G, 
H K — MHOJKecTBO BepniHH HCKOToporo TaKoro noflrpa4)a. Ho ycjiOBHio 3 < k < n — 3 

CnaHajia paccMOTpHM cjiynafi k > 3. 3to nepaBencTBo 6y^eT nesBHo cnojiBsoBaTBca 
B MecTax, r^e bbibo^htcji npoTHBopenne c Hepas^ejiHMOCTBio K. J^Jis neTbipex BepniHH a, 
b, c, d rp&dpa. G nepea N{a, b; c, d) oGoananHM hhcjio pe6ep rpacjaa G cpe^H {a, c}, {a, c?}, 
{6,c}, {6,4. 

JleMMa 1. MnoyKecTBo BepniHH W rpa4>a G oT^ejiHMo Tor^a h tojibko Tor^a, Kor^a ^jih 
jiioGhix HOHapHo pasjiHHHbix a,b H3 W H c,d H3 V \ W HHCjio N{a, b] c, d) HexHo. 

/],OKA3ATEJlbCTBO. ToAbKo mosda. HycTb W oT^ejiHMo, npn^eM MHOJKecTBo BepniHH 
U saflaeT oTfleji5iiotu;HH cbhthkhr JXjis jiio6bix nonapno pasjiHHHBix a,b us W h c,d h3 
V \ W cpe^H pe6ep {a, c}, {a,d}, {b,c}, {b,d} rpacjDy G npHHa^jiejKaT b tohhocth Te 
ace peGpa, hto h nojiHOMy ;];By^ojibHOMy rpa(|)y Kuy\u. Jlerxo y6e;];HTbca, hto b hojihom 
flByflOJiBHOM rpacj)e hhcjio pe6ep, coeflHHSiomHX j^Be napbi BepniHH, Bcer;];a hctho. 

Tosda. PaccMOTpHM ^Be necMeacHbie BepniHHbi a h3 W h c ii3 V \ W (ecjiH Taxnx neT, 

TO ly-CBHTHHHr OT^ejIHeT MHOJKeCTBO W) . BBe^^eM HeTbipe MHOJKeCTBa 

Wo = {beW \ {b,c} e E}, Vo = {deV\W \ {a, d} e E}, 

Wi = {beW \{b,c} ^ E}, Vi = {deV\W \ {a, d} ^ E}. 

Mbi yTBep>K;];aeM, hto b nsWi h d r3 Vj coe^HHenbi peGpoM ecjiH h TOJibKo ecjiH i + j = 1. 
(/I,eHCTBHTejibHO, ecjiH b = a hjih d = c,to sto cjiepyeT npHMO h3 OHpe;];ejieHHH MHoacecTB 
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Wi H Vj] B npoTHBHOM cjiyHae — hs hcthocth N{a,b;c,d).) Tekhm o6pa30M, b35ib U = 
Wq U Vq, Mhi nojiynaeM [/-CBHXHHHr 6e3 pe6ep, coe^HHsiiomHx h K \ 14^. JleMMa [T] 
^oKasana. A 

JleMMa 2. ^Jiii jJK)6hix nonapno pasjiHHHbix BepuiHH a, b, c, d, e rpacpa G m3 neTHocTH 
N{a, b] c, d) H N{a, b; c, e) cjie/iyex HexHOCTh N{a, b; d, e). 

/lOKASATEJibCTBO. N{a, b] d, e) = N{a, b; c, d) + N{a, b; c, e) - 2\{{a, c}, {b, c}} n E\. 

▲ 

PaccMoxpHM npoH3BOJit.Hyio BepniHHy v He hs K. Ho onpe^ejieHHio K rpacj) G\ku{v} 
paa^ejiHM, to cctb v npHHaflJieJKHX neKOTopoMy OT^ejiHMOMy b G\ku{v} MHoacecTBy Bep- 
niHH. EcjiH 3TO MHOJKecTBo HMeeT 6ojit.me ^Byx BepniHH, to rpa(|) G\k xaKJKe paa^ejiHM, 
HTO npoTHBopeHHT onpe^ejieHHK) K. TaKHM oGpaaoM, ^jia jiio6oh BepmnHbi v ^ K nafl- 
^exca BepniHHa u = u{v) G K Taxas, hto {v,u\ ot^cjikmo b G\k{j{v}- HpHHCM u{v) 
onpe^ejiena oflHoanaHHo (ecjiH {v^ u] h {f , u'} ot^cjikmbi h m 7^ m', to hs jigmm [T] h [2] 
nojiynaeM oTflejiHMocxb {v,u,u'} h npoTHBopenne c Hepaa^ejiHMocTbio G\k)- 

npe/i,jio>KeHHe 1. JJ,Jis jiio6hix BepuiHH v,v' ^ K xaKHx, hto u{v) 7^ u{v'), hiicjio 
N{v,u{v);v',u{v')) HeTHO. 

/lOKASATEJibCTBO. Hs ycjioBHs cjie^yex, hto no^^rpacj) G\k{j{v,v'} pasflejiHM. HycTb 
V npHHa;];jie>KHT MHoacecxBy BepniHH M, OT;];ejiHMOMy b stom noflrpa(|)e. PaccMoxpHM 
no;];cjiyHaH. 

1) \M n i^l = 0, T. e. M = {f , f'}. Ho jieMMe [UfljiH jiioGbix c,d ^ K \ {u{v)} hhcjio 
N{v, v'; c, d) HCTHO. Ho to ace Bepno ^jih A^(f , 'u(f ); c, d), nocKOjiBKy {f , )} ox^ejiHMO b 
G\ku{v}- H no jieMMe [2] HHCJio N{v', u{v); c, d) xaKJKe hctho, oxxy^a cjie^yex oT^ejiHMocTb 

{v,v',u{v)} B G\ku{v,v'}, OT^ejIHMOCTb {v' , u{v)} B G\ku{v'} H npOTHBOpCHHe C O^HOSHaH- 
HOCTblO u{v'). 

2) |M n i^l = 1. EcjiH M = {v,u{v)}, to yTBepacflCHHe npe;];jio>KeHH3 [1] cjie;i,yeT h3 
jieMMbi[T] JI1060H ppyroR cjiynafl npoTHBope^HT oflHosHaiHocTH hjih n(w'). 

3) 2< |Mn/C| <K — 2 npoTHBopeHHT HepasflejiHMocxH G\k- 

4) |Mni^| = K — 1. E;i,HHCTBeHHOH BepUIHHOH H3 i^' \ M MOJKCT 6bITB TOJIBKO u{v'), 

H yTBepjK^eHHe npe;i,jio>KeHH3 [T] cjie;i,yeT h3 jicmmbi [H 
Hpe^jioaceHHe [H^OKasaHO. ▲ 

PaccMoxpHM HeKOTopyio BepniHHy w wi K c HenycTBiM npooGpasoM u~^{w). 06o3Ha- 

HHM W = U^^{w) U {w} H HOKaJKCM, HTO 3TO MHOJKeCTBO OT^ejIHMO. Ho JieMMe [T] 3TO 

SKBHBajieHTHo HeTHocTH N{a, b; c, d) ^jih jiio6bix nonapno paajiiiHHbix BepniHH a,b W 
H c, d H3 \ W. Ho JieMMe [2] ^ocxaxoHHo paccMOTpexB cjiynaH b = w = u{a). Ecjih cud 
HpHHa^jieacax to nyjKnaH HexHOCTB cjie^yex h3 OHpe^ejienna u{a)] ecjiH d = u{c) — to 
H3 npe^jiojKeHHa [TJ OcxajibHbie cjryHaH bbibo^sxch h3 sxhx ^Byx nocpe^cxBOM hcmmbi [2J 
TaKHM o6pa30M, pa3;i;ejiHMocxb G b cjiynae k > 3 ;i,oKa3aHa. 

PaccMoxpHM cjiynaH k = 3. Be3 noxepn o6in;HocxH mojkho CHHxaxb, hxo rpacj) G 
co^epjKHX neKoxopyio H30JiHpoBaHHyio Bepmnny o (b npoxHBHOM cjiynae BbiGepeM npo- 
H3BOjibHyio Bepmnny b KanecxBe o n paccMoxpnM cnnxnnnr no Mnoacecxny CMeacnbix c 
nen Bepmnn). 

npe/i,Jio:a<;eHHe 2. Fpacp G ue co^epxHT nqzfrpat^a BH/ja 

({o, a, b, c, d}, {{a, b}, {b, c}, {c, d}}) . 
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^OKASATEJlbCTBO. CymecTBOBaHHe xaKoro no^rpacjDa npoTHBopennjio 6t.i ycjioBHio 
TeopeMbi B cHjiy ero HepasflejiHMocTH. ▲ 

JJ^Be HecoBna^aiomHe BepmnHbi nasoBeM napnuMU, ecjiH jiioGaa BepniHHa, cMeacHaa c 
ofl^noR H3 HHX, CMejKHa H c flpyrom. 

npe/i,jio>KeHHe 3. Ecjih v, w — napHbie Bepuiiinbi, to {v, w} — oT/jejiHMoe MHoyKecTBo. 

/^OKASATEJlbCTBO. HycTB U — MHOJKecTBO BepniHH, CMejKHBix c V M w. Tor^a U- 
CBHTHHHr rpa(|)a G ne co;i,ep>KHT pe6ep, coe^^HHHiomHX v hjih w c ocTajibHbiMH BepniHHa- 

MH. ▲ 

TaKHM o6pa30M, htoGbi noKasaTt pas^^ejiHMocxb rpa(|)a G, ;i,ocTaTOHHo HaflxH ;i,Be nap- 
Hbie BepmHHbi. PaccMOTpHM MaKCHMajiBHyio nocjie;];oBaTejibHocTB BepniHH 
M = M2, . . . , Mt), yflOBjieTBoparomyio cjie^yiomeMy cBoflcTBy: 

(*) BepmHHL.1 UiiiUj,l<i<j<t, CMejKHbi ecjin h tojibko ecjiH i HenexHO. 

Ecjih t = 1, to rpa(|) nycTOH h ;i,OKa3L.iBaTB Henero. HycTb t > 1. HoKaJKeM ot npoTHB- 
Horo, HTO BepniKHBi Ut-i H Ut napHbie. HpeflnojioJKHM, hto 3to ne Tax, Tor^a Hafl^exca 
BepniHHa w, CMeacnaa poBHO c o^Hoii h3 Ut-i, Ut, npHHeM h3 (*) cjie^yex, hto w ne npii- 
Ha^jiejKHT u. Mhi noKajKeM, nxo b stom cjiynae nocjieflOBaxejiBHocTb u ne MaKCHMajibna. 

Cnanajia paccMoxpuM cjiynafi, Kor;i;a t HeneTHO. Bes noxepii o6iii;hocth mojkho chh- 
TaTb, HTO w CMeacHa c Ut (b npoTHBHOM cjiynae mbi MoaceM nepecTaBiiTb MecTaMH Ut-i h 
Ut, npn 3TOM CBOHCTBO (*) coxpaHHTcs). SaMeTHM cjieflyiomee: 

- fljia KajKfloro HeneTHoro i MeHtme t BepniHHbi Ui n w cMejKHbi, HHane BepniHHbi o, 
Ut-i, Ui, Ut, w nopo>K;i;aioT sanpemeHHbifi no;i,rpa4) (npe^^jioacenne |2]) ; 

- flJiH Ka>K;i;oro nexHoro i Menbine t — 1 BepniHHbi Ui n w HecMeJKHbi, nnane BepniHHbi 
o, Ui, w, Ut-2, Ut-i Hopo>K;i,aioT 3aHpeiii,eHHbiH HOflrpa(|) (npe^^jioaceHHe [2]) . 

TaKHM oGpasoM, Hocjie^oBaxejibHocTb {ui, U2, . . . ,Ut,w) onpoBepraex MaKCHMajibHocTb 
u cpe^H HocjieflOBaTejibHOCTeii, y^oBjiexBopsiomHX CBOHCXBy (*). HojiyHeHHoe npoTHBO- 
penne ^oKasbiBaex, hto BepniHHbi Ut-i h ut napHbie. 

CjiynaH HexHoro t paccMaxpHBaexca anajiornHHo. Teopena ^OKaaana. 



2. ^OKasaxejibCTBO xeopeivibi [2 



m-i 



Hycxb n nenexHo. OGoananHM nepes rpacj) c MHoxcecxBOM Bepmnn Vn = {vi}l^Q 
H peGpaMH {vi,Vi+j}, j = 1,..., (sflecb h ^ajiee BbinncjieHHa c HH^eKcaMH Gy^eM 

HpOH3BO^HXb HO MO^yjIIO n) . 

npe/],jio>KeHHe 4. Fpacp Gn Hepas/jejiHM. 

/],OKA3ATEJlbCTBO. 06o3HaHHM m = [(n + l)/4j vLUi = Vim- HocKOJibKy n = 4m±l, 
HHCJia m vLTi BsaHMHo Hpocxbi, oxKy^a {ui}^!^ = Vn- Tenepb paccMoxpHM npoHSBOJibHoe 
Ho^MHOJKecxBo A G Vn moiii;hocxh He MeHbine 2 h ne 6ojibme n — 2 h HOKajKeM, hxo oho 
Heox;i;ejiHMO (sKBHBajienxHO, Vn\A Heox;i;ejiHMo) . Hneex Mecxo o;i;hh h3 cjie;i;yioiii;HX ;i;Byx 
cjiynaeB: 
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Phc. 1: ripHMepbi rpacjia cjiynan n = 1 mod 4 h n = 3 mod 4. 



1) /],Jia HCKOTOporO i JIh6o Ui,Ui+i G A, 'Uj+2,Mi+3 ^ A, JIh6o Ui,Ui+i ^ A, Mj+2,Mi+3 G 

y4. Tor;i,a A^(Mj, Wj+i, Wj+s) = 1, cm. pHc.[T], h no jieMMe [1] MHoacecxBo A HeoT;i,ejiHMo. 

2) ^jiH HCKOToporo z jih6o Mj,Mj+2 G A, Uj+i A, jih6o Ui,Ui+2 ^ A, G A. Pac- 
CMOTpHM ^jiH npHMepa BTopoit no^cjiynafl. SaMexHM, hto jiioGaa Bepmnna Mj, OTjiKHHaa 

OT Ui, Ui+i, Mj+2, CMeJKHa pOBHO C O^HOH H3 Mj, (cM. pHC. [I]). BsilB TaKyiO Uj H3 A, 

nojiynacM, hto N{ui, Ui+2', Wj+i, Wj) = 1 hjih 3, b saBHCHMocxH ox n mod 4 (cm. pnc. [1]), h 
no jieMMC [1] MnoJKecTBO A neoT^ejiHMO. 

Ho onpe^ejiennio ecjin jno6oe MnoacecxBO Bepmnn neoT^ejiHMO, to rpacj) HBjiaeTCH 
nepas^ejiHMbiM. Hpe^jiojKenne Hl^oKasano. A 

npe/i,jio>KeHHe 5. Y/iajieHne jiio6oit BepuiHHbi b rpacpe Gn npHBo/i,HT k pas/jejiMMouy 
rpacpy. 

/],OKA3ATEJlbCTBO. B CHjiy CHMMexpHH MOJKno cnHTaxb, nxo y;i,ajiHjiH Bepmnny Vo- 
JlerKO BH;i,eTb (pnc. H]), nxo Bce ocTaBmnecs Bepmnnbi KpoMe Vm h V-m acjijitch na cmcjk- 

nbie C f m H CMeJKnbie C f _m- OxKy^^a CJie^yCT, MHOJKeCTBO {Vm, V-m} OT;i,ejIHMO {fl,JlS 

cooTBeTCTByiom;ero fZ-CBHTHnnra nyacno bshtb MnoacecTBO U, cocTOHn],ee ns Vm h Bcex 
Bepmnn, CMeJKnbix c f_m)- A 

TaKnM o6pa30M, TeopcMa |2] ^^oxasana. SaMeTnM, nxo b cnjiy xeopeMti [1] b rpacj^e Gn 
ecTh nepa3;];ejinMbiH no^rpacl) nopa^xa n — 2. Anajiornnno ^oKasaTejibCTBy npe^jiojKe- 
nna H] mojkho noKasaxb, nxo y^ajienne Bepmnn Vi n fj+m npnBo^nT k nepasflejinMOMy 
noflrpacjjy. 

3. rpa4)bi, SyjiGBbi (})yHKii,HH, KBasnrpynnbi 

B 3TOM pasjiejie mbi xpaxKO o6cy;];nM cbhsb pas^^ejinMocxn rpa(|)OB c anajiornnnbiM cboh- 
CTBOM jiJiii GyjiCBbix (|)ynKn,nH n n-apnbix KBasnrpynn. no;i,rpac})aM rpac})a cooTBexcxByioT 
xaK na3t.iBaeMt.ie pexpaKxt.! n-apnt.ix KBasnrpynn n nofl(J)ynKii;nn 6yjieBt.ix (|)ynKn;nH, n 
xo n xo nojiynaexca (|)nKcan;neH ncKoxoptix apryMenxoB. B xepMnnax pexpaKXOB n no^- 
(|)ynKn;nH jiJis n-apnt.ix KBasnrpynn n 6yjieBt.ix (|)ynKn,nH Bepnti xeopeMbi, anajiornnnt.ie 
xeopeMaM [1] n |2] (nocjie;],naa nsBecxna j^Jis ra-apnbix KBasnrpynn xojibko ecjin nopiiflpK 
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KpaxeH 4). HpHHeM, yHHTbiBaa, hto no rpa(|)y npn noMomH KBa^paxHHHoro MHoroHjiena 
MOJKHo nocxpoHTb 6yjieBy (|)yHKn;Hio h aaxeM n-apnyio KBasnrpynny nopa^Ka 4, xeope- 
Ma[T]5iBji5ieTC5i, Boo6iri;e roBopa, cjie^cTBHCM cooTBexcTByiomeH xeopeMbi ^jih KBasnrpynn 
[21 H] , a H3 TeopeMbi |2l Hao6opoT, cjie^^yex cymecxBOBaHne aHajiornnHoro npHMepa b n- 
apHbix KBasHrpynnax nopa^Ka 4 yij. 

3.1. PacniHpeHHbie SyjieBbi 4)yHKi],HH 

PacmupeHHou 6yAeeou (fiyHKv^ueu nasoBeM nacTKHHyio GyjieBy (|)yHKii;Hio, safl^aHHym na 
HaGopax c neTHbiM hhcjiom e^HHHn;. (SaMexHM, hto pacmHpeHHyio GyjieBy (|)yHKn;Hio mojk- 
Ho HHTepnpeTHpoBaxb KaK oGtiiHyio 6yjieBy 4)yHKii;Hio ox na efljinnuy Menbinero nncjia 
apryMCHTOB.) PacmnpeHHyio 6yjieBy (|)yHKi];Hio / ox n apryMenxoB naaoBeM pasdeAUMOu, 
ecjiH ona npe^cxaBHMa b bh^c cyMMti ^Byx 6yjieBL.ix (|)yHKn;HH /' h /" ox n — 2 hjih 
MeHbinero HHCJia aprynenxoB, npaneM Ha6opL.i aprynenxoB /' h /" ne nepeKpbiBaioxca 
(orpaHHHeHHe n — 2 ^ocxaxonno ecxecxBCHHo: b sxom cjiynae GyjieBbi (|)yHKn;HH b pasjioace- 
HHH Moryx Gbixb sa^aHBi MeHBinnM hhcjiom sHanenHH b xonxax, hcm caMa pacmnpeHHas 
GyjieBa (|)yHKn;H3). Cmenenhw pacmnpeHHofl GyjieBofl (|)yHKn;HH naaoBCM MHHHMajibHyio 
cxeneHb MHoroHjiena (na^ nojieM GF(2)), c noMoin;bio Koxoporo ona Moacex Gbixb npe^- 
cxaBjiena. Ho^ xepMHHOM «KBa^paxHHHL.iii» Gy^eM no^paayMCBaxB «cxeneHH ne 6ojit.me 
^Byx». FpacjiOM KBa^paxHHHoro MHoronjiena naaoBeM rpacj) na MHOJKecxBe aprynenxoB, 
y Koxoporo ^Be BepmnHBi CMejKHBi xor^a h xojibko xor^a, Kor^a npoHSBefleHHe cooxBex- 
cxByiomHX nepeMeHHBix bxo^hx b MHoroHjien. 

JleMMa 3. MnoyKecTBo rpadpoB, cooTBeTCTsyiomHx npe^cTaBjieHHaM /i,aHHOH KBa/i,paTHH- 
HOH pacuiHpeHHom GyjieBOM (pyHKLinn b BH^e KBa/ipaTH^Horo nojiHHOMa, o6pa3yeT cbht- 

HHHrOBblM Kjiacc. 

/],OKA3ATEJlbCTBO. JIioGaa (h b HacxHocxH, KBa^paxKHHaa) pacmnpeHHaa 6yjieBa 
c|)yHKn;Ha / ox n aprynenxoB, Gyflynn GyjieBoii c|)yHKij,HeH ox nepBtix n — 1 cbohx apry- 
MCHxoB, eflHHcxBeHHbiM o6pa30M npe^cxaBHMa b BH^e 

rfle p — MHoroHjien. 

JlroGoii MHoroHjien r ox n nepeMeHHbix xi, . . . , x„ o^HosHanno npe^cxaBHM b 
BH^e 

. . . , Xn-l) + (xi H h X„„i + X„)/(Xi, . . . , 

r^e qui — MHoroHjienbi ox Xi, . . . , npaneM ecjiH MHoroHjien r KBa;];paxHHHt.m, xo q 
KBaflpaxH'iHbiH H / jiHHeflHbiH. HocKOJiBKy a;i + - ■ ■ + Xn-i+Xn = Be3j\e Ha o6jiacxH onpe- 
jXejiewLii pacmnpeHHOH GyjieBofl 4)yHKLi;HH, MHoroHjien q coBna;i,aex y Bcex MHoronjienoB, 
npe^^cxaBjiaiomHX ofxiij h xy >Ke pacniHpeHHyio 6yjieBy (|)yHKij,Hio. JlerKO yGe^nxbca, hxo 
^oGaBjienne (xi + ■ ■ ■ + Xn-i + x„)/(xi, . . . , x„_i) c jiHHefiHbiM I irpw,oj\wi k CBHXHHHry 
cooxBexcxByiomero rpa(|)a, xonnee, k ?7-CBHXHHHry, r^e U — MHoacecxBO nepeMeHHbix, ox 
Koxopbix / cymecxBeHHo saBHCHx. Oxcio^a cjie^yex yxBepac^eHne jieMMti. ▲ 

JleMMa 4. KBaflpaTHHHas pacinmpeHHaa GyjieBa c^yHKijHsi pa3fl,ejiHMa Tor/ja n tojib- 
Ko Torfla, Korfla pas/jejiHMbi rpacphi KBa/jpaTMHHbix MHoroHjienoB, npeflCTaBjiaioui,Hx axy 
(pyHKiiiiio. 
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^OKASATEJlbCTBO. Hs pas^ejiHMocTH rpa(|)a no onpe^ejieHHio cjie^yex pas^ejin- 

MOCTb GyjieBOH (jDyHKII,HH, npe^CTaBHMOH KBa^paTHHHblM MHOrOHJienOM C COOTBeXCTByiO- 

iii,HM rpa(|)OM. 

flOKaaaxejiBCTBa oGpaxHoro, c ynexoM npe;];t.i;];yiri;eH jieMMbi, ^^ocxaxoHHo noKa- 
saxb, Hxo fljis pasflejiHMOH KBa^^paxHHHoii pacmnpeHHOH GyjieBofi (|)yHKij,HH / sjieMenxbi 
ee HCKoxoporo pasjioacenHH /' h /" h3 onpe;];ejieHHH pas^ejiHMocxH xaxace KBa^paxHHHbi. 
Hycxb 

/(xi,...,x„) = f(y) + r(z), 

rfle y n z - HenepeceKaioin;Hec3 naGopbi nepeMennbix hs Xi, . . . , Hpe^^cxaBHM f'{y) + 
f"{z), KaK Besjie onpe;];ejieHHyio 6yjieBy (|)yHKi];Hio, b Buj^e 

f'{y) + f"{z) = q{Xi, Xn-l) + (Xi H h Xn)l{Xi, Xn-l). 

riocKOJiBKy / KBa^paxHHHa, q xaxjKe KBa^paxHHHa (cm. ^^oKasaxejibcxBo npe^^Bi^ymefi 
jieMMbi). Pa3o6t>eM nojiHHOM / b cyMMy flByx li + 12, r^e Zi jiHHeflHbm, a I2 cocxaBjien h3 
MOHOMOB cxeneHH 2 h Bbime. HMeeM 

n n 
f\y) + f"{z) = q{x,,...,Xn-i) + Y^ Xj/i(Xi, . . . , Xyi-.\) -\- ^ Xil2(yXi, . . . , Xn—l)- 

i=l i=l 

JlexKO BRfl^eTh, Hxo nocjie^Hee cjiaraeMoe cocxohx h3 mohomob cxeneHH ne Menbme 3 
(^eiicxBHxejibno, ecjin I2 co^epjKHX MonoM XiXj, xo b npoH3Be^enHH c Xi + Xj on ^acx 
nyjib, a npoH3BeflenHe c ocxajibnbiMH nepcMennbiMn ^acx MonoMbi xpexben cxenenn). 
TaKHM o6pa30M, oxGpacbiBanne 3xoro cjiaracMoro paBHocnjibno oxGpacbiBannio mohomob 
cxeneHH 6ojibme ^Byx b nojinnoMHajibnoM npe^cxaBjienHH /' h /", nocjie nero hmccm 

n 

g'iy) + 9"{.Z) = q{xi, . . . , Xn~l) + ^ X^ll{Xl, . . . , Xn-l), 

4 = 1 

fljia neKoxopbix KBaflpaxHnnbix 4)yHKn;HH g' h g". OncBH^no, nxo g'(y) + g"{z) xaxjKe 
paBHbi pacmnpennoH GyjiCBon (|)ynKn;Hn / na Bcen ee oGjiacxn onpe^^ejienna, xo ecxb mm 
nojiynnjiH KBa^paxnnnoe npe^^cxaBjienne /, KoxopoMy cooxBexcxByex pa3;];ejiHMbiH rpa(|). 
Ho jicMMc [3] Bce flpyrne KBaflpaxnnnbie npeflcxaBjienna xaKJKe cooxBexcxByiox pa3flejiH- 
MbiM rpa(|)aM. A 

3.2. n-ApHbie KBasnrpynnbi 

Hycxb S — ncKoxopoe MnoacecxBO. ra-Apnaa onepan;HH Q : — )■ S na3biBaexcH n-apnou 
Keasuspynnou nopa^^Ka ecjin b ypaBnennn Xq = Q{xi, . . . ,Xn) 3HaneHH3 jiioGbix n 
nepcMcnnbix oflno3nanno 3a^aiox 3nanenHe ocxaBinenca nepcMennoii. (Cxporo roBopa, 
n-apnoii KBa3HrpynnoH na3biBaexca napa name onpe^ejienne — oGmenpnnaxoe 

ynpomenne xepMnnojiornn.) H3 onpe^ejienna cjie^yex, nxo n-apnaa KBa3Hrpynna o6pa- 
XHMa B KaJK^OH no3Hn;HH, b cjiynae Konennoro nopa^xa sxo cbohcxbo mojkho B35ixb 3a 
onpe^ejienne. Bbc^cm o6o3nanenHe Q{xo,Xi, . . . ,Xn) Xq = Q{xi, . . . ,Xn) AJin npe- 
flHKaxnoH 3anHCH ra-apnon KBa3Hrpynnbi; nacxo npe^^nxaxnaa 3anHCb y^oGnee (|)ynKn;H- 
onajibnoH BBUfly CHMMexpnnnocxH oxnocnxejibno Bcex nepcMcnnbix. Ecjin b npe^^nxaxe 
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Q{. ■ ■) 3a(|)HKCHpoBaTb SHaneHHH HeKOTopbix m G {1, . . . , n} apryMenxoB, to nojiyHeHHtm 
(n+1— m)-MecTHbm npe^HKax cooTBexcTByeT HeKoxopofl (n— m)-apHOH KBasnrpynne, ko- 
TopaH HasbiBaexcH pempaKmoM KBaanrpynnbi Q. n-Apnaa KBasarpynna HasBiBaexcH pas- 
deAUMOu, ecjiH ona npe^^cxaBHMa b BH;i,e GesnoBxopHofi cynepno3Hi],HH ^Byx KBasnrpynn 
MeHbinefl apnocxH, r^e nopa^OK nepeMeHHtix b cynepno3Hn,HH MOJKex oxjinnaxbca ox nep- 
BOHanajiBHoro. 

SaMenaHHe 2. B jiHxepaxype xaK>Ke HSBecxen xepMHH «npHBOflHMaa n-apnaH KBasnr- 
pynna», Koxopbifl name oxhochxc3 k npe;i,cxaBHMOcxH b Bnj^e cynepno3Hii;HH c xeM ace no- 
psfl;KOM nepeMeHHbix. B aHrjioasbiHHOH jiHxepaxype nepeBo^i; cjioBa «pa3flejiHMaa» chjib- 
Ho neperpyjKCH, nosxoMy pa3;i,ejiHMt.ie KBasnrpynnbi xaxxce nasbiBaiox «nepecxaHOBOHHO 

npHBO^HMB.IMH». 

riycxB S = {[0,0], [0, 1], [1,0], [1, 1]} — MHOJKecxBo ^bohhhbix nap h A — neKoxopaa 
pacniHpeHHas GyjieBa 4)yHKii,Hsi ox n + 1 nepeMenHoli. Hpe^HKax 

^ /r 1 r A r H h X„| = 0, 

\ I I IZ/O H Vyn\ = A(Xo, ..■,Xn) 

cooxBexcxByex n-apnofi KBaanrpynne Q (cjioacenHe npoHSBO^HXCH no Mo^yjiio 2), sxa koh- 
cxpyKn;H5i aBjiaexca nacxnbiM cjiynaeM cnjiexenna n-apnbix KBaanrpynn, b ^annoM cjiynae 
xpHBHajibnt.ix KBasnrpynn nopa^Ka 2. (TepMnn «cnjiexenHe» n-apnbix KBasnrpynn 
ne cooxBexcxByex cnjiexennio rpynn, no9XOMy cjie^yex Gbixb ocxopoacntiM npn ero nc- 
nojibsoBannn, ^a6t.i nsGeacaxb BOSMoacnbix pasnonxeHHH.) 

JleMMa 5 ([1]). Pa3/jejiHMocTb n-apHon KBasmrpynnbi Qx SKBHBajieHTHa pas/^ejiHMocTH 
pacuiHpeHHOH 6yjieBOH (})yHKi],Hii A. 

TaKHM oGpasoM, pas^ejiHMocxb rpa(|)OB xecno cBasana c pas^^ejiHMocxbio n-apntix 
KBasnrpynn, no Kpannen Mepe b paMKax cjie^^yionien KoncxpyKn;nn: no rpa(|)y nopji^Ka 
n+1 Mbi cxpoHM KBa^paxnnnyio pacmnpennyio GyjieBy (|)ynKn;Hio A (pe6py cooxBexcxByex 
MOHOM cxenenn 2, jinnennaa nacxb BbiGnpaexcH nponsBOjibno); noxoM cxpoHM n-apnyio 
KBaanrpynny Qx nopa^Ka 4; ^ajiee mojkcm nocxponxb n-apnyio KBaanrpynny nopa^Ka 
4k fljia jiio6oro, b xom nncjie 6ecKonennoro, k, npn noMomH npsMoro npoHSBeflenHa c 
n-apnoii KBasnrpynnoii P{xi, . . . , x„) = Xi * . . . -kXn, r^e ic — KOMMyxaxHBnas rpynnoBas 
onepan;H5i. 

Hpn 3XOM pa3;];ejiHMocxb Ka>K;i,oro sBena n;enonKH sKBHBajienxna pas^^ejiHMocxn Bcex 
ocxajit.nt.ix 3Bent.eB. Bojiee xoro, pas^^ejiHMOcxb no^rpa(|)a SKBnBajienxna pas^^ejiHMOcxn 
cooxBexcxByiotti;Hx no;i,4)ynKn;HH pacmnpeHHoit GyjieBoii (|)yHKu;Hn n pexpaKxoB n-apnott 
KBasnrpynnt.!. OTCK>fl,a xeopeMa [T] ecxt. cjie^cxBne npnBe^^ennon nnace xeopeMt.i|31 a npn- 
BeflfiHHas nnjKe xeopeMa S] cjie^yex h3 xeopeMt.1 |5J B 3atu;nxy pas^^ejioB [T] n |5] cxonx 
aaMexHXB, nxo co^epxcamnecs b hhx ^oKaaaxejibcxBa snanHxejiBno npotu;e HMeiotti,Hxc3 
flOKaaaxejibcxB ^jih KBasnrpynn. 

B aaKjironenne c(|)opMyjinpyeM H3Becxnt.ie xeopeMt.1 ^jih n-apnt.ix KBasnrpynn, cbh- 
aanntie c paccMoxpennt.iMn b nacxoHmeii pa6oxe xeopeMaMn [T] n [2J /],Ji5i n-apnon KBaan- 
rpynnt.1 Q o6o3nannM nepes k,{Q) nanGojitmyro apnocxb ee nepas^ejiHMoro pexpaKxa. 

TeopeMa 3. Ecjjh k{Q) < n — 2, to n-apnaa KBasnrpynna Q pas^ejiMua. Ecjih k{Q) = 
n — 2 > 2 H nopa/joK Q — npocToe hhcjjo, to Q pas^ejiHua. 
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Cjiynaii 2 < k{Q) < n — 2 ^oKaaan b [2], cjiynafi = 2 ^jih nopa^Ka 4 — b [1], 

o6iri;HH cjiynatt k{Q) = 2 h cjiynatt k{Q) = n — 2 ^jih npocxoro nopa^Ka — b j3]. TeopeMa[3] 
nojieana npn HH^yKTHBHoli xapaKTepH3aij,HH KjiaccoB n-apntix KBasnrpynn, nanpHMep, 
npn ^^OKasaxejibCTBe, hto jiio6aa ra-apnaji KBasnrpynna nopa^^Ka 4 nojiyjiHHeflHa (to ecxt. 
SKBHBajieHTHa HCKOTopoH Qx) ujm pa3;];ejiHMa HcnojibsoBajiocb, hto MHHHMajibHbifl no- 
TeHii;HajibHt>iH KOHxpnpHMep oGaaan hmctl. HepasflejiHMbiH nojiyjiHHeHHBifl (n— 1)- hjih 
(ra— 2)-apHL.m pexpaKx. 

TeopeMa 4. /(jii? jiioGoro neTHoro n n jiio6oro k cymecTByer HepasflejiMuasi n-apnaa 
KBasmrpynna Q nopa^Ka Ak Taxaa, hto k{Q) = n — 2 jl]. /],Jia jiio6oro n > 3 h k > 4 
cymecTsyeT Hepas^ejiHuaa n-apnaa KBasnrpynna nopa/jxa k c k{Q) = n — 1 [3j. 

TeopexHHecKH na npe^Mex cymecxBOBaHHH Hepaa^ejiHMoii n-apnoH KBasnrpynnbi ocxa- 
jiHCb Henccjie^oBaHbi cjie^yiomHe cjiynaH: 

n{Q) = n — 2, HenexHoe n (cBaaan c rnnoxesoH, c(|)opMyjiHpoBaHHofi bo BBefleHHn), 
Henpocxoii nopa^oK (flJia npocxoro — ne cymecxByex) ; 

k{Q) = n — 2, npoH3BOJit.Hoe n, nenpocxoli nopa^oK HeKpaxHtm 4; 

k{Q) = n — 2 = 2, n = 4, nopa^oK neKpaxHtm 4 {fl,Jia KpaxHoro — cymecxByex) , b 
HacxHocxH npocxoH nopsiflOK. 

HsBecxen npHMep HepasflejiHMott 4-apHOH KBasnrpynnbi Q nopa^Ka 6 c k{Q) = 2. 

Abxop Gjiaro^apHx A. H. FjieGoBa, B. H. HoxanoBa, A. B. HaxKHHa h anoHHMHoro pe- 
ii;eH3eHxa aa nnxepec k ^aHHoii pa6oxe h saMenaHHa, Gjiaro^apa KoxopbiM Gbijia oGnapy- 
jKena nenojiHoxa ^oKaaaxejibcxBa xeopeMti [T] b nepBOM Bapnanxe ManycKpHnxa. 
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